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Summary 

For a subcritical Galton- Watson process (Cn), it is well known that under an XlogX 
condition, the quotient P(Cn > 0)/-ECn has a finite positive limit. There is an analogous 
result for a (one-dimensional) supercritical branching random walk: when a is in the so- 
called subcritical speed area, the probability of presence around na in the n-th generation 
is asymptotically proportional to the corresponding expectation. In ^2] this result 
was stated under a natural XlogX assumption on the offspring point process and a 
(unnatural) condition on the offspring mean. Here we prove that the result holds without 
this latter condition, in particular we allow an infinite mean and a dimension d > 1 for 
the state-space. As a consequence the result holds also for homogeneous fragmentations 
as defined in [Hj, using the method of discrete-time skeletons; this completes the proof 
of Theorem 4 in j7j. Finally, an application to conditioning on the presence allows to 
meet again the probability tilting and the so-called additive martingale. 
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1 Introduction 



The common feature of many branching models consists in exponential growth. Let us 
recall some basic facts about a Galton- Watson process (n with finite mean started from 
Co = 1. We have E(C„) = E(Ci)" and 

- if E(Ci) > 1 and E(Ci log_,_ Ci) < OO; then lim„ (n/^iCn) = W > a.s. conditionally 
on non-extinction. 

- if E(Ci) < 1 and E(Ci log+ Ci) < oo, then, 

(1) a 1) ^ ^- ^ 

^ ' " E(Cn) 

and there is a representation formula for the constant K (see 0). Moreover the condition 
E(Ci log_,_ Ci) < C)0 is in some sense necessary. 

In a discrete-time branching random walk (BRW), the initial ancestor is at the origin 
in IR*^ and the positions of its children form a point process Z. Each of these children 
has children in the same way: the positions of each family relative to its parent is an 
independent copy of Z. Let Z„ denote the point process in H'^ formed by the n-th. 
generation. 

The intensity of Z is the Radon measure p defined by 

(2) e( [ f{x)Z{dx)] = [ f{x)p{dx). 

and the intensity of Z„ is the n-th convolution product p*". We assume 1 < p(IR'^) < +oo 
(supercriticality) and set 

(3) Z{e):= f e^-^'Z(rfx) and A(^) := logE(Z(0)) = log /" e^X^x) . 

We shall also assume that 6 := int {6 : A(^^) < oo} ^ 0. 

The asymptotic behaviour as n — > oo of the random measure Zn, and more precisely, 
estimates of Zn{na + 1), where a = VA{9) and / is some fixed bounded set, have raised 
a considerable interest. This behaviour depends on the value of 6. The quantity 

A*{a) = e-vA{e)-A{e) 

plays the role of the negative of the logarithm of the mean reproduction in the Galton- 
Watson process. 

In the range of supercriticality, i.e. for those a G IR'^ such that A* (a) < 0, the 
exponential rate of growth of Znina + I) is —A* (a) (see |Hj) and a precise first order 
estimate is given in [5] under an XlogX type condition on Z{9). 

In the range of subcriticality, i.e. for those a E IR'' such that A* (a) > 0, a precise 
analog of (H)) i.e. 

, F(ZJna + I) > 1) 

(4) lim ^ , ' - ' = Kia) > 



2 



was proved in ^3] under certain conditions which force in particular the finiteness of 
p(]R'^), and unfortunately this restricts the range of its applications. Our main purpose 
here is to show that the same estimate holds in fact under much weaker conditions. Let 
us recall that the method is based on a representation formula for the presence probabil- 
ity by means of an auxiliary random walk. It is a discrete version of the Feynman-Kac 
formula used in probabilistic representations of solution of reaction-diffusion equations 
(0, |in|; Then a careful study of large deviations for functional of this walk is 

needed, and our improvement takes place there. 

Fragmentations, as defined in {5], may be viewed as an extension of continuous-time 
branching random walks, but with a possible infinite offspring mean and infinite rate 
of branching. In we succeeded to extend the results of the supercritical range to 
fragmentations, checking that the X log X assumption is automatically satisfied for the 
discrete-time skeleton. Moreover we proved that, in the subcritical range, the result can 
be deduced from its analogous version for BRW, by the method of discrete skeleton. 

In Section El we state the result for BRW with a detailed proof in subsection 12.21 
In Section ini we extend the result to fragmentations, referring to Theorem 4 of In 
subsection 13. 31 we show that conditioning on {Zt{at+I) > 1} and letting t ^ oo provides 
the tilted probability on the fragmentation process, already found in [7j. 



2 Branching Random Walks 

2.1 Notation and representation formula 

To study spatial (Markov) branching processes, it is classical to use the probability 
generating functional. We define its action on a Borel function g satisfying < g < 1 
and such that 1 — g has a compact support by the function 

F[^](a;) = Eexp / log g {x + y)Z{dy) , x G IR"^ . 

Its first moment is the linear operator acting on Borel functions with compact support 

by 

M[g]{x)=E j g{x + y)Z{dy) , x G 1R^ 

(see chap. V.l and V.2). Set Z„ = 5z^- Thanks to the Markov property, for every 
n > 1, the non linear operator m„ defined by 

(5) un[f]{x) = 1 - E {^{l - fix + zD) j , 

satisfies «„[/]:=! — — /]. Its linear counterpart, f„ defined by 

(6) Vr,[f]{x)=E([ f{x + y)Z^{dy)]= [ f{x + z)p*^{dz) 
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satisfies f„[/] = M"[/]. We set Uo[f] = Vo[f] = f. When / = Ij is the indicator 
function of a Borel set J, then 

(7) Un[lj]ix) = F{Zn{J - X) > 1) , Vn[lj]{x) = E(Z„(J - x)) . 

To study the propagation, let us introduce tilted (probability) measures^. For 6* G 6 
and a = VA(6'), let (S'„ := + ■ ■ ■ +^„, n G IN) be a random walk with step distribution 
Pd defined by 



p{dx) 



(8) / g{x)po{dx) = g{x- a)e 

The distribution pg is centered, its covariance matrix is Hess A (6*) and we set cxg = 
det HessA(6'). In the sequel, notation such as Kq will refer to expectations with respect 
to this random walk. 

From (jni) and (jH)) we have the representation: 

(9) vM]{x) = e-"^*(")E, [e-^-^"/(x + + na)] . 
Let us define the auxiliary function fg by 

(10) fe{y) = e-'yf{y) . 
We have 

(11) Vn[f]{-na + c)= e-'^^*(")e^-^E,/,(^„ + c) 

so that the local central limit theorem entails that if fg is directly Riemann integrable 
(DRI), then for every c G IR'' 

(12) limae(27™)'^/2 e-^*(«)i;„[/](-an + c) = e' '^ [ fg{y)dy . 

To study the ratio between and Vn[f] we need the following representation formula 
(see [13], formulas 4.2 and 4.3). 

Lemma 1 (J13J) Let {P'^,x G 1R°') be the family of reduced Palm distributions defined 
by the disintegration formula: 



(13) E / F{x,Z -6^)Z{dx)] = / p{dx)E'-''{F{x,Z)) . 
and let for r > 1, y, s G IR*^ 

(14) Hr[f]{y, s) := E'-y (^j^ exp(Z, log (1 - (3ur-i[f]{s + .))) d(3 
Then 

Un[f]{x) = e-^^'^'^^Ee \ e-'-^-f{x + 5„ + na) J] R,[f] (a + 6. x + 5„ - 5, + (n - r)a) 

L l<r<n 

We are now able to state the main result of this section. 



^For simplicity we will assume that p is not lattice and that its support is not contained in any 
lower-dimensional hyperplane. 
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2.2 Main result 

Theorem 2 Let 6 e Q satisfy 6 ■ A' (6) - A(0) > and E (^Z{e) log^+= (l + Z{e)^ ) < oo 

for some e > 0, and set a = VA{6). Let f be a function with compact support, Riemann 
integrable, satisfying < / < 1 and J^^a f{y)dy > 0. Then for every c E 

^^5^ j.^ Un[f]{-an + c) ^ J^ae-'-yf{y)G[f]i9,y) dy 

^^^•=0 Vn[f]i-an + c) J^ae-^-yfiy)dy 

where 

G[f]{e,y) = Eel Hr[f]{a + ^r,y - ar - sA > 0. 

r<oo ) 

(One can see similar formulas for a branching diffusion in ^U] Th. 1, |T2] Prop. 1), 
Th.3. 3, mi section 2.3). 

Proof: In the proof was in two parts. The first part was devoted to establish a 
lemma (4.1 p. 33) and the second part consisted in checking conditions of the lemma. 
For easier reading we give here a complete proof, taking the main ideas of although 
the essential modifications take place in the part "end of the proof" below. 

Let us first remark that if we set r^f := /(c + ■) then Tc commutes with Un and f„. 
Moreover i7,[rj](|/, s) = iJ,[/](y,s + c), so that G[Tj]{e,y) = G[f]{e,y + c) and it is 
enough to prove (fT^ for c = 0. 

Since / is bounded by and has a compact support, there is some 6 G IR such that 
f{x) = for 9 ■ X <h. Since / < 1 we have 

(16) fe{x)<e-^le..>h. 
From Lemma n we deduce 



t l<r<n J 



(17) Un\f]{-na 
Let us define 

3 

li := ae{2Tinf^Me{fe{Sr,)\[Hr{a + ir.Sn-Sr-ar)] for l<j< 



_ _ _n 

r=l 



IL ■= [ feis)]Ee{l[Hria + Cr,s-Sr-ar)} ds for l<j. 
Taking into account Q and (HH), the proof of (fT3j) can be reduced to showing that 



:i8) lim/: = C 



A conditioning on ^j+i, gives = ag(27my^'^'Eg[gj{Sn-j)] where 

j 

gj{s) := fEe{fe{s + S'^) JJiffc(a + ^k,s + Sj - Sk - ka)] 



k=l 
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We check that gj is DRI, so that the local central limit theorem yields 

(19) limJ^= / g^is)ds = lL, 

where the last equality comes from Fubini's theorem. Since decreases to as 
j ^ oo, it is enough to prove 

(20) limlimsup(/^-/;^) = 0. 

j n>j 

Let us remark that we have no control on the uniformity in j of ()19p. If we search 
for a convenient upperbound for — J", the difficulty comes from the term Sr in 
Hr{a + ^r, Sn — Sr — dv) . Actually we will give a lowerbound of Hr after restricting the 
space. 

Let 7] e (0, A*(a)). For i < k, let := {9 ■ Si < -ir] for some i e {i + 1, k)}. Since 
9 E Q, there exists (p > such that J^a e~'^^'^ pg{dx) < oo, hence we can find Ci and C2 
such that for every i and k > i 



(21) JPeiA^,) < C^e 



-C2i 



From now, Ck, k > 1 denote strictly positive finite constants depending on 9, a, b, rj but 
not on other quantities. 

First step: Restriction of the space 

Tj Tn " 

°<^^' ^ E.[Ms„)(i-n)]< 
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(22) < lEg[fg{Sn);Ai\+]Ee[feiSn){l-ll);{Air] 

j 

Introducing an intermediate integer rii G {j,n) we have (see ()lfj|l ) 

(23) lEo[fe{Sny,Ai] < e-'WoiA^^) + lEe[fo{Sny, A^^] 
and, conditioning on Sk,k < rii, 

1E,[/,(S„);<] =1E,[ / /,(5„, + s)pf-"^)(rf.);Ay . 

Setting, for g > 1 

r II II 2 

(24) A,:=snp\ag{27iqY/^-Eefe{s + S,)- /g(x) exp - ~ ^ dx\ 



we get 



ag[2n{n - n,)f' [ fg{S^, + s) p*l''~'''\ds) < A„_„, + / fg{x)dx 



hence 

(25) ae[27rnf'JEe[MSn);Ai;\ < (l - !^y'/' {A.,_^^ + [ f,{x)dx}Pe{AiJ . 

Fix j. Choosing rii such that ri'^/'^Q-c^'"-^ Q, we get from ((221) j (EH) j (ESI) and the local 
central limit theorem (jTHI Lemma 2) : 

(26) limsnpae{2nnY/^-Eg[fg{Sn);Ai] < C^e-""^^ . 

n>j 

Second step : lowerbound for Hr 

We start with 

(27) Un[f]ix) < min(t;„[/](a;),l) , a; G 1R^ n > . 
Since f{x) < e^'^~^ we have 

(28) Vn[f]{x) < e"^(^)e'-"-'' , a; e 1R^ n > . 

Fix y satisfying 6 ■ y > —rrj. Applying (j^ with x = —y — ar + z + Zi we see that 

(29) Vr-i[f]{-y -ar + z + Zi)< e~r[A'ia)-v]+eiz+z,)-b-A(e) 

for every r > 1 and i > 1. Since A(^^) < oo, the random variable Z(9) defined by (0) is 
P-a.s. finite, hence 

(30) log Z{e) > snp{e ■ Zi} =: t{Z) . 

i 

Let Br := {Z : t{Z) < r[A*(a) - r/] + A(^) - 6 ■ z + h}. For Z G B,, the bound in ^ 
is less than or equal to 1 so that (j27j) gives 

Mr-i [/](-!/ -ar + z + Zi)< Q-rWi-)-n]+e-(-+^r)-b-m < ^ 
and then (when 9 ■ y > —rrf) 



(31) 
where 



Hr{x, -y-ar + z)> Hr^x, z) := ^'^ (^1^, ^ e-'^^'^'^'f^'^Up^ 



(32) w{r, Z, (3, z):=- log (l - f3e-'^^^*i-)-v]+e■(z+o~b-Ai9)^^ ^^^^^ 

End of the proof 

Coming back to the second term of (j221) and using (jHT|) we get 



^(^n)(l-n) ; {Air\<^e[fe{Sn)J2{l-nk{a + ^k,Sn)) 

j k=j 
~ n 

(33) = Eg / fe{Sn-i + x) (l - 7Yfc(a + x, 5'n-i + x))]pe{dx) 

k=j 
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We want to bound J2r=j ~ Ti-rix, z)) . Adding up, from and (j22I) 

71 / fl \ / 1 



(34) := Ji(x, z) + J2{x, z) . 

From the definition of Br we have 



A*(a) — 7] 

which, from inequahty ()30|) . gives by integration 

\ogZ{e) + e- z-b- A{e) 



(35) 



Ji(x,;z) < E'- 



A*(a) — ?7 



J + 1 



It remains to give an upperbound for J2{x, z). The function r i— >■ w(r, Z, /3, z) is decreas- 
ing in r, so by the classical sum-integral comparison, we obtain, for Z e Bj 



Ell- 



-to(r,Z,/3,z)- 



[1 - e-"(^'^'^'")]cir < Cs log[l + u;(s, Z, (3, z)] 



where the last inequality comes from — ^ > w[A*{a) — rj] . 
The inequality^: 



log 



l-^log(l-/?a,) 



dl3< log + 



for < aj < 1, z = 1, . . . gives 

(36) J2(x, z) < C4^'" (log(l + z(^)e-^[^*('^)-''l+^-^-'-^(^) 
Combining and (jHSl) gives 

(37) Ji(x, z) + J2(a;, z) < C^E'"^ flog(l + ^(^)e-J[^*(«)-"]+^--f'-AW) 



Setting 



y4(x, 2) = E'" [ log 1 + Z{e)e^-'-^-^^^'>] 



l+e 



and applying inequality (A2) p. 38 of [THj we see that for every e > 0, the right hand 
side of P7jl is bounded by C^j'^A^x, z) so that, from (jSl|), 

n 

Y}^ - H,{x,z)] < C,r'A{x,z) . 



^It can be proved using concavity of logarithm and Jensen's inequality. 
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Thanks to that entails 

n 

where 

:= / fe{x + s)A{a + x,s + x) pe{dx) . 



It should be clear that the function B has bounded variation. By Fubini's theorem and 
the disintegration formula (fT^ . (recalling that / has a compact support included in 
{y : 6 ■ y >h}) we get 

/ B{s)ds <C5^( [ v-^\\ogl + Z{e)vY'^"Z{e)dv] . 

Jw^ \Jc~Me) J 

Since 

log(l + Z{9)v) < log(l + v) + log+ Z{e) 

and by convexity 

[iog(i + zie)v)]'+^ < Cj{[\ogii + v)]'+^ + [iog+ z{e)Y+^) , 

we see that B is integrable under the assumptions of Theorem |21 
Invoking again the local central limit theorem, 

lim a,(27™)'^/2jg^ = [ B{s)ds , 

so that from 

(38) limsupae(27rn)'^/2Ee[/e(^0(l - TT); < C^r' / 5(s)rfs . 

">i j J'SR'^ 

Taking into account and (PH|). we see that holds, which entails (fTH|l and com- 
pletes the proof of (fT3]) . ■ 

3 Fragmentations 

3.1 Notations and main result 

We follow the notations of [3], and [7j and refer to these papers for details. We 
work with the space of numerical sequences 



s = isi, si 



> S2 > • ■ ■ > and ^Si<l 



which should be thought as the set of ranked masses of the fragments resulting from 
the split of some object with unit total mass. We consider a family of Feller processes 
X = {Xt,t > 0) with values in S and cadlag paths. For every a G [0,1], we let 
denote the law of X with initial distribution (a, 0, . . .) (i.e. the process starts from a 
single fragment with mass a). We say that X is a (ranked) homogeneous fragmentation 
if the following two properties hold: 

• (Homogeneity property) For every a G [0, 1], the law of aX under Pi is Pq. 

• (Fragmentation property) For every s = (si, . . .) G iS, the process started from X(0) = 
s can be obtained as follows. Consider X^^\ ... a sequence of independent processes with 
respective laws P^^, . . ., and for every t > 0, let X{t) be the random sequence obtained 
by ranking in decreasing order the terms of the random sequences X^^\t), .... Then X 
has the law of X started from s. Here we consider homogeneous fragmentations with 
no erosion (|6j), so that the distribution of X can be characterized by a measure u on 
iS, called the dislocation measure. Informally u specifies the rates at which a unit mass 
splits. It has to fulfil the conditions i^({(l, 0, ...)}) = and 

(39) / (1 - si)u{ds) < oo. 

Js 

We shall assume that 

(40) ''(^|^^'^-£''^^< ijj =0' 

which means that no mass is lost when a sudden dislocation occurs, and more precisely, 
entails that the total mass is a conserved quantity for the fragmentation process (i.e. 

= 1 for all t > 0, Pi-a.s.). Moreover we also exclude the trivial case when 

1^ = 0. 

Given a real number r > 0, we say that a dislocation measure u is r-geometric if it 
is finite and is carried by the subspace of configurations s = (si, . . .) G 5 such that Si G 
{r-",n G IN}. This holds if and only if ¥i{Xi{t) G {r-",n G IN} for every i G IN) = 1 
for all t > 0. We say that u is non-geometric if it is not r-geometric for any r > 0. 

The empirical measure of the logarithms of the fragments 

oo 

(41) ZW(rfy):=5^5iogx,w, t>0 

i=l 

can be viewed as the generalization of a branching process in continuous time, with a 
possible infinite offspring mean and infinite rate of branching, corresponding to i^iS) = 
oo. If we define 



(42) 
where 



p := inf |p G IR : j ^^i^^^i^s) < oo | 
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then 

(43) E (^j ^ e(P+^)^zW(c/y) j = E (^Xi{tY^'^ = exp{-t^p)) 
and 

(44) M{p,t) := [ e^P+^^y+'^^P^ Z^'\dy) = e**^^') V Xf+'(t) , t>0 

Jn i 

is the so-called additive martingale. The function $ is concave, analytic and increasing. 
It is the Laplace exponent of a subordinator (xt) 

(45) exp(-t$(p)) = Eexp(-pxO 

(see j21 for details). If p denotes the unique solution of the equation 

$(g) = (g + l)<l>'(g), q > p, 

we have 

$(g) - (g + !)$'(?) < for p < g < p 
$(g) - (g + l)$'(g) > forp>p. 

Since logXi(t) (logarithm of the maximal size) grows a.s t oo like — t$'(p), we say 
that {a = — $'(p); p < p < p} is the supercritical range and {a = — $'(p); p < p} the 
sub critical range. 

Let us fix a < /3 and p > p. Here we are interested in the asymptotic behaviour of 

(46) U{t,x) := P(zW([a + x,/3 + x]) > 1) 

F(t,x) := EZW([a + x,/3 + x]) , 

for a; = —t^'{p) and t — > oo. 

The following theorem is proved in |7j using time-discretization and taking for 
granted Theorem 2 of the present paper. 

Theorem 3 ([7J) Assume that the dislocation measure v is non-geometric. 

(i) If p > we have 

lim y^e-*«^'+i)*'(P)-*(^')V(t, -t$'(p)) = ^ {p + I)-' (e-(^'+i)° - e'^^'+i)^) . 

^y2Tc\^"{p)\ 

(ii) If p > p, there exists a positive finite constant Kp such that 



t^'''^V{t,-t^'{p)) ^ 



Remark Actually, for fixed c G IR, we have 

^ ' i-oo \/(t, -t^'{p)) t-oo V{t, -t^'{p) + C) ^ 

(exactly as in (fT^ ). 
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3.2 Comment 

In |7j it was shown that Kp may be obtained as the constant coming from any discrete 
skeleton (i.e. for any arbitrary choice of the time mesh). Actually, a careful analysis may 
give a representation formula for the constants in terms of an underlying Levy process 
instead of a (skeleton) random walk. We state it without proof not to overburden the 
paper. We have 

(48) ^^UJi^j:e-^^»-G(P,yyy 

where G{p,y) is an expression that we explain now. 
In the spirit of Section 2, we define 



l-E(^{l-f{x + \ogX,{t)))j , Vt[f]{x)=E(^f{x + \ogX,{t)) 



so that U{t,x) = Ut[lia,/3]]{—x). The random walk {Sn,n > 1) under the law Fg in 
Section El is now replaced by a certain Levy process {(t)- 

Recall that $ is the Laplace exponent of the Levy process (xt) (see (jlS)))- Let L be 
its characteristic measure so that 



$(A) = / (1 - e-^")L(dx 



0,00 



Then {Q, t > 0) is the dual of the Levy process whose characteristic measure is Lp{dA) = 
e~P^L{dA) and drift coefficient a, so that its mean expectation is (see |1]). We have 
in particular 

(49) Vt[f]{-at + c) = e(*(P+i)*'(?')-*(p))e(P+i)^ ^fp+i{Ct + c) . 

To study Ut we need more definitions. Let x^. be a 'size biased pick' from the sequence 
X, i.e. a random variable with values in ]0, 1[ such that for every x G iS and i G N 

P(x* = I X = (Xi, ■■■))= Xi 

or in other words E((yf(x,.)|x) = (x, where g{y) = yg{y)- At last we denote by x' the 
random sequence obtained by removing the size biased pick x,^ from the sequence x. 
Let m be the "distribution" under u of the size biased pick, i.e. 



(0,1) 



g{x)m{dx) = J z/(c?x)lE((7(x^) | x) . 



We check easily that /(•q]^)(1 — x)m{dx) < oo. For x G (0,1), we denote by u'^ the 
probability measure defined on S by the disintegration 

(50) [ i/(rfx)lE (i7(x„x')) = [ m{dx) I iy-%dx)H{x,x) . 

JS J\QA\ Js 
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In words, z/'^' is the conditional law under v of x' knowing x^, = x. This definition is 
similar to (fT^ in the BRW framework. 
With that notation we may define 

(51) E,{i,z) = j^^^V ^^log(l -/3f/,(^ + logx,))j y-'\dx)d(3, 

and the function G{p,y) in (jlHj) is 

G{p,y) = JEl n Hr{ACr,y-ar-(r 
where = Cr - C- 



3.3 The tilted probability in the subcritical range 

This section is an easy extension to fragmentations of the corresponding result for 
branching Brownian motion section 6, or branching random walk P- 30-31 
but or the sake of completeness we give the complete proof. For fixed a in the subcriti- 
cal range we show that conditioning on the presence of fragments of size e""*"*"^ at time 
t gives in the limit t — > cxd the tilted probability P'-'^-' for the measure valued process 
{Zs,s > 0). This tilted probability, described in [7] Section 3.3, is the h-transform of 
the probability by the martingale M{p, ■). This result is in the spirit of many results on 
conditioning conditioning branching spatial processes and superprocesses and related to 
the notion of immortal particle due to Evans (see an extensive bibliography in [TP). 
Let (jF(s),s > 0) be the natural filtration defined by J-'{s) := a{Zr,r < s) and 
= AJ^s- 

Proposition 4 Let us fix a < (3, p > p and a = — $'(p). Then, for every A E we 
have: 

lim ¥{A I Ztiiat + a, at + (3) > 1) = ¥^p\A) 
where, for every s > 0, 

p(P)|^(,) = M(p,s)P|^,. 



Proof: Set J = [a, /?]. Fix s > and Gs E Tg. We have for t > 

P[Zt+,(a(t + s) + J) > 1] I 



(52) P(G,| Z4+,(a(t + s) + J) > 1) 
From (gni) 



E 



P[Zi+,(a(t + s) + J) > 1] 



P[Zt+,(a(t + s) + J) > 1] = Ut^,{-a{t + s)) 
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and, by the fragmentation property 

(53) nZt+s{a{t + s) + J)>l\J^s] = l- 11(1 - Aj{t)) 

j 

where Aj{t) := Ut{logXj{s) - a{t + s)) . 

To apply the results of the above section, we set := ay\phxi e*'^'^") (which tends 
to infinity with t) and K'^ := e'^^'^^-'^ci?/ . From Theorem |21 ii) 

(54) limrff/i+,(-a(t + s)) = K^K; e-^^*(") . 

To handle the expression (|^. we apply Theorem Eli) for every j: 

limnA,{t) = K^K; X,(s)P+^e-(P+i)'^^ , 

but we need a uniform bound. From ()49|) and the local central limit theorem, there 
exists et ^ such that, for every c G IR 

riV^t(-at + c) <ir;(l + Q)e(P+^)^ 

This yields: 

nA.it) < nVtilogX.is) - ait + s)) <K;{1 + et)X,isy+'e-^P+'^''' . 
By dominated convergence, we have a.s. 

\imrtJ2Mt) = 5^X,(s)P+^e-(P+^)"^ = KpK'j, M(s,p)e^^^*(") 
j j 

and since 

J2A,it) - A,(t))^ < 1 - 11(1 - A,{t)) <Y^A,{t) , 
3 i i i 

we get 

hn. P[Wa(t + .) + J)>l|^.] ^ nY.,A,ii) ^ 

t ^[Zt+s{a{t + s) + J)>l] t rtUt+s{-a{t + s)) ^ '^^ 

a.s.. Invoking again the dominated convergence theorem allows to conclude from ()52p 

limP(G, I Zt+s{a{t + s) + J) > 1) = E[G,M(p, s)] 

which ends the proof of the proposition. ■ 



14 



References 

[1] A. Asmussen and H. Hering. Branching Processes. Birkhauser, 1983. 

[2] G. Ben Arous and A. Rouault. Laplace asymptotics for reaction-diffusion equations. 
Probab. Theory Related Fields, 97(1-2) :259-285, 1993. 

[3] J. Berestycki. Ranked fragmentations. ESAIM Probab. Statist, 6:157-175 (electronic), 
2002. 

[4] J. Bertoin. Levy processes, volume 121 of Cambridge Tracts in Mathematics. Cambridge 
University Press, Cambridge, 1996. 

[5] J. Bertoin. Homogeneous fragmentation processes. Probab. Theory Related Fields, 
121(3):301-318, 2001. 

[6] J. Bertoin. The asymptotic behavior of fragmentation processes. J. Europ. Math. Soc, 
5(4):395-416, 2003. 

[7] J. Bertoin and A. Rouault. Discretization methods for homogeneous fragmenta- 
tions. Submitted to Journal of the London Mathematical Society. Available at 
http://hal.ccsd.cnrs.fr/ccsd-00002954, September 2004. 

[8] J. D. Biggins. Martingale convergence in the branching random walk. J. Appl. Probability, 
14(l):25-37, 1977. 

[9] J. D. Biggins. Uniform convergence of martingales in the branching random walk. Ann. 
Probab., 20(1):137-151, 1992. 

[10] B. Chauvin and A. Rouault. KPP equation and supercritical branching Brownian motion 
in the subcritical speed area. Application to spatial trees. Probab. Theory Related Fields, 
80(2):299-314, 1988. 

[11] J. Englandcr and A.E. Kyprianou. Local extinction versus local exponential growth for 
spatial branching processes. Ann. Probab., 32:78-99, 2004. 

[12] S. Lallcy and T. Sellke. Travelling waves in inhomogeneous branching brownian motions. 
Ann. Probab., 17(1):116-127, 1989. 

[13] A. Rouault. Precise estimates of presence probabilities in the branching random walk. 
Stochastic Process. Appl, 44(l):27-39, 1993. 

[14] J.-Ph. Rouques. Laplace asymptotics for generalized K.P.P. equation. ESAIM Probab. 
Statist, pages 225-258, 1995/1997. 

[15] C Stone. On local and ratio limit theorems. In Fifth Berkeley Symposium, volume 2 (ii), 
pages 217-224, 1967. 



15 



